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1. Introduction 



In this paper we study uniqueness properties of solutions of the fc-generalized Korteweg- 
de Vries equations 

<J ■ (1.1) d t u + dlu + u k d x u = 0, (x,t)eR 2 , k G Z + . 

Our goal is to obtain sufficient conditions on the behavior of the difference u\ — u 2 of 
two solutions ui, u 2 of ([TTTj) at two different times t = and t\ = 1 which guarantee that 
Mi = u 2 . 

This kind of uniqueness results has been deduced under the assumption that the solu- 
tions coincide in a large sub-domain of R at two different times. In B. Zhang proved 
that if Ui(x,t) is a solution of the KdV, i.e. k = 1 in ([1.1)1 . such that 

VO ■ u 1 (x,t)=0, (x,t) G (6,oo) x {t„, ti} (or (-oo, 6) x {t ,*i}), 

then M X = 0, (notice that w 2 = is a solution of ([l.ljl ). His proof was based on the inverse 
scattering method (1ST). In [TOJ this result was extended to any pair of solutions u\, u 2 
to the generalized KdV equation, which includes non-integrable models. In particular, if 
«1, u 2 are solutions of p.l|) in an appropriate class with ui(x,t) = u 2 (x,t), for (x,t) G 
(b, oo) x {t ,ti} (or (-00,6) x {t ,ti}), then u± =u 2 . 

In |13 3 L. Robbiano proved the following uniqueness result : Let u be a solution of the 
> ! equation 

•i-H . 

(1.2) <9 t it + (9^u + a 2 (x, t)d1u + ai(x, t)9 x u + a (x, t)u = 0, 

with coefficients a^, j = 0, 1, 2 in suitable function spaces. If u(x, 0) = for x G (6, 00) 
for some 6 > and there exist ci, c 2 > such that 

|d£u(x,t)| < Cie- C2xa , V (x,t) G (6,00) x [0,1], j = 0,1, 2, 

for some a > 9/4, then u = 0. This result applies to the difference w = «i — «2 of two 
solutions Mi, «2 of (|1-H) with the coefficients in ()1.2|) ao,ai depending on Mi, u 2 , d x ui, k 
and with a 2 = 0. 

In [15], using the 1ST, S. Tarama showed that if the initial data u(x, 0) = Mo(^) has 
an appropriate exponential decay for x > 0, then the corresponding solution of the KdV 
becomes analytic in the x- variable for all t > 0. 
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It is interesting to notice that even in the KdV case neither of the results in [13] and 
[To] described above implies the other one. In jT^j the decay assumption is needed in the 
whole time interval [0, 1], and the result in JT^] does not apply to the difference of two 
arbitrary solutions of the KdV. 

Our main result concerning the equation (jl.lj) is the following. 

Theorem 1.1. Let u x , u 2 G C([0, 1] : H 2 (M) fl L 2 {\x\ 2 dx)) be strong solutions of fjl.l|) in 

the domain (x,t) G Ix [0, 1]. Ifk = 1 in also assume thatui, u 2 G C([0, 1] : H 3 (M)). 
If 

(1-3) Ul (; 0) - U 2 (; 0), Ul (; 1) - U 2 (; 1) G H 1 (e^ dx) , 

for any a > 0, then Ui =u 2 . 

3/2 3/2 

We shall say that / G H 1 (e ax + dx) if /, d x f G L 2 (e ax + dx), where x + = max{x; 0}, 
and x_ = max{—x; 0}. 

Remarks 

a) The same result holds if in (jl.3j) instead of the space H 1 (e ax + dx) one considers 
H^e^dx). 

b) We recall that the solution of the associated linear initial value problem 

d t v + dlv = 0, v(x, 0) = v Q (x), 
is given by the unitary group {U(t) : t G IR} where 

U(t)v Q (x) = —j= Ai ( —= ) * v (x), 



and 

2Trix£+8£ 3 i/37T 3 



Ai{x) = / e*™*W/**°d£ 
Jr 

is the Airy function. This satisfies the estimate 

\Ai(x)\ <c(l+x_)" 1/4 e- ca; + 2 . 

Thus, the exponent 3/2 in (jl.3|) can be seen as a reflection of the asymptotic behavior 
of the Airy function. In fact, for the linear equation 

d t v + d^v = 0, 

it shows that the decay rate in Theorem II. II is optimal. 

c) In the particular case u 2 = Theorem 11.11 tells us that the only solution of the 

_ 3/2 

fc-generalized KdV equation (|1.1JI which decays, itself and its first derivative, as e cx + 
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at two different times is the zero solution. This is in contrast with the solutions of the 
equation 

d t u + dl{u 2 ) +2ud x u = 0, 

mathbb found by Rosenau and Hyman ^3] called "compactons" . These are solitary waves 
of speed c with compact support 



f cos 2 {{x - ct)/4), \x-ct\<2ix, 
0, \x - ct\ > 2-k. 



;i.4) u c (x,t)~- 
d) In |3] we proved the following result concerning the semi-linear Schrodinger equation 



(1.5) id t v + Av + F(v,v) = 0, (x,t)eR n xR. 

Theorem 1.2. Let v u v 2 E C([0, 1] : H k (R n )), k E Z + , k > n/2 + 1 be strong solutions 
of the equation (jl.5j) in the domain (x,t) E R n x [0, 1], with F : C 2 — > C, F E C k and 
F(0) = d u F(0) = d u F(0) = 0. // 

(1.6) Vl (;0)-V 2 {;0), Vl (;l)-V 2 (;l) E H^e^dx), 

for any a > 0, then v\ =v 2 . 

The argument of the proof of Theorem 1.2 has two main steps. The first one is based on 
the exponential decay estimates obtained in jH]. These "energy" estimates are expressed 
in terms of the L 2 (e^' dx)-norm and involve bounds independent of (3. In they are 
used to deduce similar ones with higher order powers in the exponent. The second step is 
to establish lower bounds for the asymptotic behavior of the L 2 -norm of the solution and 
its space gradient in the annular domain (x, t) E {R — 1 < \x\ < R} x [0, 1]. This idea 
was motivated by the work of Bourgain and Kenig [1 on a class of stationary Schrodinger 
operators ( i.e. —A + V(x)). Also in this second step we follow some arguments due to 
V. Izakov 

For the equations (jl.l|) considered here the first step in both jH] and jH], i.e. weighted 
energy estimates, is not available. We need to replace it by appropriate versions of Car- 
leman estimates. For example, for Hp = (d t + e^c^e - ^) one has that 

(1.7) \\e Px d x e~ Px v\\ Tl6 r w/s < c\\H p v \ \ T w,^ T wu, 

for functions v E C^°(lRx [0, 1]), see JTU]. This kind of estimate resembles those established 
in jTTj and some extensions obtained in ^Ul related to the "smoothing effect" found in 
0, |Ej (homogeneous version) and in [7] (inhomogeneous version), see also j3]. However, 
we shall need their extension to functions v E C°°([0, 1] : §(R)). In the case of f)1.7|) we 
shall prove that there exists j E Z + such that 

(1.8) < c/3>{\\jV 2 v{; 0)\\& + || J 1/2 v(-, l)|| i2 ) + c\\Hpv\\ L ^ L ^- 
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It will be crucial in our proof that although in (jl.Hjl the constant in front of the norms 
involving the function v evaluated at time t = and t — 1 may grow as a power of /3, the 
constant in front of the norm of inhomogeneous term, i.e. Hpv, is independent of f3 > 0. 

e) Our argument here is direct and does not rely as that in ^H] on the unique continua- 
tion principle obtained by Saut and Scheurer [12] : if a solution v — v(x, t) of ()1.2|) in the 
domain (x, t) G (a, b) x (t\, t 2 ), with the coefficients a,j, j = 0, 1, 2 in an appropriate class, 
vanishes on an open set Q C (a, b) x (t\, t 2 ), then t> vanishes in the horizontal components 
of fi, i.e. the set 

{(x,t) e (0,6) x (*i,t 2 ) : 3y s.t. (y,t) g n}. 

f) For the existence of solutions and well-posedness results for the IVP associated to 
the equation we refer to |7] and references therein. We recall that the conditions 
m G H 2 (R) n I 2 (R : \x\ 2 dx) = X 2}2 and u G X 2j2 fl H 3 (R) are locally preserved by the 
flow of solutions of (jl.ljl . see 0, [Zj- For our arguments it suffices to have the decay in 
only one side of the line, i.e. changing \x\ by x + in the weighted norms. This class is 
preserved for positive time t > by the flow of solutions, see |T2*j . 

In particular, in the case w 2 = we do not need any decay assumption on u\ since this 
will follow from the hypothesis (jl.3|) . 

g) Due to our interest in results involving two different solutions U\, u 2 of (jl.lj) we need 
to analyze the equation satisfied by their difference w — u\ — u 2 - This is a linear equation 
of the form 

(1.9) d t w + d^w + ai(x, t)d x w + a (x, t)w = 0, 

whose coefficients ai, a are polynomials of degree k on ui, u 2 , and d x U\. Thus, the 
properties of a , a\ depend on the class where the solutions ui, u 2 are assumed and the 
value of k considered. 

In fact, we shall consider (jl.2j) . a more general equation than ([1.9jh 

Theorem 1.3. Assume that the coefficients in ()1.2|) satisfy that 

a 6L:fnirif /9 n« /3 , 

(1.10) ai g n l^lT n Lf/ 15 L t 16/3 , 

a 2 G L^hT n L^ 6 / 15 L t 16/3 n LiLf. 

y4/so, assume that 

(1.11) a , ai, a 2 , 9 x a 2 , fl£a 2 G L°°(M 2 ), a 2 , 9 t a 2 G L t °°(M : L^(R)). 

If w E C([0, 1] : ff 2 (lR) fl L 2 (|x| 2 dx)) zs a strong solution of fll.2|) m i/ie domain 
(x,t) 6Rx [0,1] TOt/j 

(1.12) tw(-, 0), tw(-, 1) G H\e ax + 2 dx), 
for any a > 0, then w = 0. 



KDV EQUATIONS 



5 



The remark (a) after the statement of Theorem 1.1 also applies here. 

As it was pointed out in the remark (b) the decay rate in (J1.12j) is optimal. 

We shall see that under the hypothesis of Theorem 1.1 the coefficients a , «i of the 
equation in ()1.9|) belong to the class described in Theorem 1.3 in (jl.lOjl and (jl.llj) . In fact, 
it will be clear from our proof that the conditions in (jl.lUj) in the x-variable are needed 
only in the positive semi-line, i.e. it suffices to have (jl.lOp with aj E ([0, oo) x [0, 1]) 
instead of aj E L p x L q t = L p x L q t {R x [0, 1]). 

It is here where the extra hypothesis ui, «2 G C([0, 1] : H 3 ) in Theorem 1.1 for the 
power k = 1 in (jl.ljl is needed. 

The rest of this paper is organized as follows. In section 2, we deduce upper estimates 
in the time interval [0, 1] for solutions of the inhomogeneous equation associated to (|1.2|) 
from the ones at times to — and t\ = 1 and the inhomogeneous term. In section 3, 
we shall obtain lower bounds for the L 2 -norm of the solution and its first and second 
derivatives in the annular domain mentioned above. Finally, in section 4 we combine the 
results in the previous sections to prove Theorems 11.31 and 11.11 

2. Upper Estimates 

We shall use the notations 

(2.1) Hf = (d t + %)f, H p f = (d t + e^d 3 x e-^)f. 
Our first result in this section is the following lemma. 

Lemma 2.1. There exists k E Z + such that if u E C°°([0, 1] : S(M)), then for any ft > 1 
\\^ x u\\ L i t + \\e^d x u\\ Ll6L w/s + \\e Px d?u\\ L ~ L 2 

(2.2) < c(3 2k (\\ J{eP°u{;0))\\v + || J(e*tt(., 1))IU0 

+ c(||e /J *fru|| I .B/7+ II e^'i/w II. i6/i5 r i6/ii + \\e Px Hu\\ L i L 2). 

where Jg(x) = ((1 + |^| 2 ) x ^ 2 ^) v and the norms in the time variable (i.e. \\ ■ \\ l p) are 
restricted to the interval [0, 1]. 

In order to prove ()2.2|) . we set 

(2.3) v = e^u, 
and rewrite f)2.2j) as 

IMk + \\{e Px d x e-^)v\\ L ^ Lf/5 + \\(e^d 2 x e-^)v\\ LTL! 

(2.4) <c/3 2fc (||J<,0)|| i2 + ||J<,l)|| i2 ) 

+ c(\\Hpv\\ 8,7 + \\H P V\\ + \\Hf,v\\ L l L 2). 

To obtain (J2.4[) we will prove the following string of inequalities 
(2-5) |M| L 8 ( < c(|K,0)|| L2 + \\v(; 1)|| L2 ) + cWHpV^s/r, 
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(2.6) \\e Px d x e- px v\\ Ll6l} e, & < c/3 k (\\J^ 2 v(; 0)\\ L 2 + \\J 1/2 v(-, l)\\ L .) + c||#HI L w^/ii, 
and 

(2.7) \\e^d 2 x e-^v\\ L ^ Ll < c/3 2fc (||^(-, 0)|| L2 + || Jv(-, l)\\ L s) + c\\H p v\\ LlLl . 
Clearly, (Q-dZZZJ) will imply Q . 

First we shall prove first the following estimate which will be used later 

(2-8) HWli < c(||t;(., 0)11^ + |K, 1)11^) + c||fl-Hkj^- 

Proof of ■ We have that 
(2.9) H p = d t + e Px dle~ Px = d t + (e^e"^) 3 , 

with 

e Px d x e~ Px = d x -(3, 

(e" x d x e^ x ) 2 = (d x - (3) 2 = d 2 x - 2(3d x + 
(e^^e"^) 3 = (d x - Pf = dl- Wd 2 x + W 2 d x - (3 3 
= (<9 3 + 3f3 2 d x ) — (3/9(9^ + /3 3 ) = skew-symmetric — symmetric part. 
The symbol of Hp is 

(2.11) iT _^3 + 3i/3 2 e _ (/3 3_3 /3e 2 )) 

whose real part /3 3 — 3/3£ 2 vanishes at 

(2.12) £± = ±P/V3, 09 > 1). 

By an approximation argument it suffices to prove ()2.8j) for v G C°°([0, 1] : S(1R)) such 
that ?)(£, t) = near £± for all t G [0, 1]. 

Here, we shall denote by /(£,t), f(x,r), /(£, r) the Fourier transform of /(•,•) with 
respect to the dual variables £, r, (£,t) respectively, i.e. /(•,•) stands for the Fourier 
transform of / with respect to the dual variables where / is evaluated. 

Assume now that / G C°°([0, 1] : §(R)) with f(x,t) = for t near and 1, so we can 
extend / as outside the strip K x [0, 1]. Also assume that /(£,£) = for £ near £ ± for 
all t G R. Using our assumptions on / we define 

(2 ' 13) T/ ^' T) = 2T-Ze + 3^_ ) (/3 3_3^2 ) ' 

and claim that the estimate 

(2-14) \\Tf\\L?Ll < c\\f\\ L }L* 

implies that in ()2.8|) . To prove it we choose rj e G C°°(R), e G (0, 1/4), with 

(2.15) %(t) = l, te[2e, l-2e], and suppr] e C [e, 1 - e], 
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and define 

v e (x,t) = rj e (t)v(x,t), f € (x,t) = H p (v e )(x,t). 

Then, v e = Tf e since both sides have the same Fourier transform and both are in L 2 xt by 
our asssumptions on v, which are inherited by v e . Thus, (J2.14j) gives 

(2.16) |k|U»L» < 4 H (s(Ve)\\L}Ll < c\We (t)v \\ L l L 2 + c\\r) e Hp(v)\\ L l L 2. 

Letting e 1 in ()2.16|) the left hand side converges to ||f ||l^> i £g, while the right hand side 

has a limit bounded by c(||u ||l 2 + ll^ilk 2 ) + c ll HpV \\ L i L 2. 

Hence, to obtain ()2.8j) we just need to prove (|2.14|) . In order to prove ()2.14|1 it suffices 
to show that for f(x,t) = f(x) (g> S to (t), with /(£) = near ±£, with t G (0, 1) one has 
that 



(2.17) \\Tf\\ LrL 2 < c\\f\\ L 2, with c independent of to- 

First, we recall the formulas 

1 \* f X(-oo,o)We* b , 6>0, 



(2.18) (t) - . , 

\r + ib) \ X ( ,oo)(t)e tb , b<0, 

and consequently for a, & G I 

/ e it0T V ■* f X(-ooO)(-t-t )e {t - to)b , b>0, 

(2.19) — (t) = ce tta { X{ '° H 

V-a + ib) \ X(0jOo) (t - t ) b < 0. 

Therefore, 

(2.20) Tf(£, r) = — — — — — — — — = -z- 



z{(r - e + 3/3 2 + - m 2 )} r - a(0 + z&(0 

Combining (|2.19|) - (|2.2()j) we see that the operator T acting on these functions becomes 
the one variable operator R 

+ (xwc)<o}(0^ a( °e ( '-' o)b(5) X(o,oo)(t - *,))/(£), 
for which it needs to be established that 

(2.22) \\Rf\\ L 2 x < c\\f\\ L 2 x , with c independent of /?, t - 

But this is obvious from the form of the multipliers in (J2.21|) . Therefore (|2.8|) is proved. 

Proof of (J23J). Again it suffices to show it for v G C°°([0, 1] : S(R)) such that u(f , t) = 
near £±. Assume that / G C°°([0, 1] : §(R)) with f(x, t) = for i near and 1, so we can 
extend / as outside the strip R x [0, 1]. Also assume that /(£, £) = for £ near £± for all 
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t G R. For the operator T defined in fj!H3|) we shall show for / G S(1R 2 ) with /(£, r) = 
near £± for all t G R 



2.23 

(&) IIT/Lb <c||y|| LjL ; 



t as 



Assuming for the moment the inequalities in ((2.23)1 we shall complete the proof of (J2.5j) . 
Consider 

(2.24) v e (x, t) = n t {t)v{x, t), Hp{v t ) = r}' e (t)v + r] e Hpv = h{x, t) + f 2 (x, t). 
Let 

(2.25) v 1 (x,t)=Tf 1 {x,t), v 2 (x,t)=Tf 2 (x,t), 
where both make sense by our assumption on v. Then, 

(2.26) v e (x,t)=vi{x,t)+v 2 (x,t), 

since both sides are in L? and have the same Fourier transform. Hence, from ()2.23j) it 
follows that 

!klU| t < IKIU^ + INUs, 

< c \\fi\\L\Li + c ll/2|| L s/7 < c\\r]' t (t)v\\ L i Ll +c\\r] £ (t)Hpv\\ L v7, 

and letting e j, one gets (|2.5j) . So we need to establish (|2.23|) . (|2.23Jl -(a) was proved in 
[Til] (Lemma 2.3). To obtain (|2 .23(1 -(b) we again restrict ourselves to consider f(x,t) = 
f(x) ® 5t (i), and reduce it to show that the operator R defined in (12.21(1 satisfies that 

II-R/Hl 8 < c II/||l 2 ) with c independent of /3, £q. 

But, this follows from the proof of Lemma 4.1 in 

Proof of (12.7(1 . Again we make our usual assumptions on ti(£, r). For / G S(M 2 ) with 
/(£> t) = near £ ± for all t G M we define using (12.13(1 



(2.27) T 2m ,r) = « - ffYTHLr) = — ^ + ^ _ ^ _ w) . 
For the operator 

(2.28) f 2 f(x,t)= X [o,i](t)T2f(x,t), 
we claim the following bounds 

(2 29) ( G ) II^/IIl-l? <c||/ILi L? , 

(6) ||T 2 /|| LS o L 2<c/3 2 ||J/|| LtlL ,. 
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Assuming fTI^> (a)-(b) we shall prove (|27Tjl . With the notation in $T2ty - $T3fy from 
$FXfl) it follows that 



^Hl-l? < IIX[o,i](*)(3e -/?) ^iIIl-l? + IIX[o,i](*)(§r -/?) ^IL-L? 

< II^Ss/lHigoif + II72/2 IUg°Lf < C P 2 \\J fl\\L]Ll + c II/2||lil2 

< C/3 2 ||?7e(0 Ju IUli| + c\\Ve{t)Hpv\\ L l L 2, 

so letting e 1 we obtain ()2.7|) . 
The proof of 

||r 2 /|| L «, L a < c||/|| L i L 2, 

and therefore of (|2.29p -(a) follows with a minor modification from the argument given in 
|lUj . Notice that the polynomial considered in the numerator of the fraction appearing 
in (2.21) of 10 j is — (3) with (3 = 1 while here we are considering (z£ — /3) 2 . The 
proof works in exactly the same way as it can be easily checked. In fact, the use of 
this polynomial instead of the one in [TO] is more convenient for the Littlewood-Paley 
interpolation argument which appears later on in (2.46)-(2.48) of ^U]- Notice that (2.48) 
in for j = is not true, but the proof just sketched fixed the error in ^UJ. Another 
possible way to bypass this dfliculty is to use a Littlewood-Paley decomposition for j G Z 
instead of j = 0, 1, 2.... 

We next prove (jSTZHjl -fb). Let 6 r G C£°(R) with 6 r (x) = 1, for |ac| < 2r and supp6 r C 
{\x\ < 3r}, and consider 



it - + 3i(3 2 £ - ((3 3 - 3(3^) ir - + 3z/? 2 C - (P 3 - 3/3£ 2 ) 
Now, using Sobolev lemma one gets that 

(2.30) \\f 2 ,if\\ L ^ < || JT2 A f\\ L 2 L 2 = c\\ JT 2il f\\ L 2 Ll < c\\JT 2A f\\ LTLi , 
where f 2jl = X[o,i]( i ) T 2,i- Now let 

Qiitr) = ^(0(l + OT 1/2 («- P) 2 m,r). 

Then 

JT 2 ,if(x,t) = Tgx(x,t), 
so by (EUl) and (l2~37IJ) it follows that 

(2.31) \\T2,if\\L~L* < 49i\\l\l% < c(3 2 \\Jf\\ LlLl . 
To complete (|2.29|) -fb) it suffices to prove that 

(2-32) ll^/IU^^cHJ/IU^. 
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We again reduce ourselves to consider functions of the form f(x,t) = f(x) <8> S to (t), so we 
just need to bound the operator 

iQ&f) = (1 - e (OM - /3) 2 X W5 )>o}(Oe ita{C) e (t - to) ^ ) X(-oo,o)(t - *>)/(£) 

as 

II #2,2/ II l-l? < c|| J/||l|, with c independent of /?, i . 

We write 

R-2,2 f{x,t) = 

(2 ' 33) J e**(l ~ O/siOM - /9) 2 X Wf )>o}(Oe 4Mf) e (t - to) ^ ) X(- 00 ,o)(t - *o)/(0^ 

and recall that a(£) = (£ 3 — 3/3 2 £). Now we change variables 

A = e - 3/3 2 e, d\ = (3£ 2 - 3/3 2 )dC = 3(£ 2 - /5 2 )^- 

From the definition of 9p(-) the domain of integration in (J2.33j) is equal to {|£| > 2(3}, 
where |£ 2 — j3 2 \ ~ |£| 2 , and the transformation is one to one. Thus, we have £ = £(A) and 

R 2 ,2f(x,t) = 



e' 



ittr ax\ X{b(o>o}[^) e ^ J X(-oc,o)(t - to;/(sjas 



3(£ 2 -/3 2 ) 
e 4 %(A)^(A,t)dA 



with 



arxx e**(i-0/>(0)(«-/W(0 
<M^j — 



3(£ 2 -/3 2 ) 

*(A,*) = X W5) >o}(Oe ( '-' oM) X(-oo,o)(t - to)- 

We observe that 



|^(A,t)|<c, V(A,t)Gt 2 and I W{\,t)\dt <c VAg 
Therefore, using the result in [2 j (page 26) and taking adjoint one gets that 

|| |e 4 %(A)vI/(A,t)rfA|| Lt2 <|^|| L2 



f 13(^-^)113(^-^)1 

^ , , i(i-^(oi 2 ie 2 +^ 2 i 2 i/(oi 2 
- 1 ' i3e-/? 2 i 



<c||J/|| 



L2, 
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which finishes the proof of ()2.29j) -(b) 

Proof of ()2.6|) . We make the usual assumptions on v and v. For / £ §(M 2 ) with 
/(£> t) = near £ ± for alH £ R we define using f|2.13|) 

(2.34) T\f^T) = ^-{3)Tf^T)- K ~ 



ir _^3 + 3 i/ 32 e _ (/3 3_3 / 3 e 2 ) - 
For the operator 

(2.35) f 1 /(a;,t)=X[o,i](t)ri/(x J t), 
we claim the following bounds 

( a ) ll^l/llriei-ie/s < c|| /|| 16/15 r i6/u, 

(2.36) _ L * Lt L ' Lt 

(b) WnfW^, < c/3\\ J 1/2 fhiLg- 

As above it is easy to see that ()2.6)1 follows from (|2.36jl . Next, we recall that in pH] (see 
also the second paragraph after ()2.29j) ) it was proved that 

\\Tlf\\ r i 6 r 16/5 < C||/|| 16/15.16/11, 

which implies (12. 36)1 - (a). To obtain (|2. 36)1 -(b) we write 

f-f ((: T) = uzm-f3)Hz,T) (i-9 p (zM-i3)f(z,T) 

11 ^ ' T ' it- + 3i{3 2 £ - (/3 3 - 3/^ 2 ) it- ie + St(3 2 ^ - ((3 3 - 3(3^) 
and consider first T^i = X[o,i](0^i,i- From (|2.31j) 

r2,i/iu^ ? <^ 2 i|j/iui^, 

and from ()2.23)l -(b) it follows that 

\\f 0t if\\ L s t <c\\Jf\\ LlLl . 

Hence using the interpolation argument based on the Littlewood-Paley decomposition as 
in (2.46)-(2.48) of QUj one gets 

l|Ti,i/|| LieL i./ 6 <c(3\\J l ^f\\ LlLl . 

Finally, we interpolate between 

||T 0)2 /|L8 t <c||J/|Ui iS , 
which follows from (j2~23|) -(aV with (l2~32l to get that 

||T 1)2 /|| L , 6L i6/ 5 < c\\ J 1/2 f\\ LlLl , 

which yields (|2^Bjl-(b). 

This finished the proof of Lemma 2.1. 
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Our next goal is to extend the estimates (|2.2jl in Lemma 2.1 to solutions of the linear 
equation with variable coefficients 

(2.37) d t u + d^u + a 2 (x, t)c%,u + ai(x, t)d x u + a (x, t)u = 0. 
We introduce the notation 

(2.38) H a = d t + dl + a 2 (x, t)d 2 x + a x (x, t)d x + a (x, t), 

and try to find conditions which guarantee that multiplication by ao(x,t) maps 

/o oq\ 7-8 , r8/7 T S , r 16/15 r 16/11 r8 . rlr2 

l Z - Jy J ^xt^^xt i ^xt. i ^xt ^ L i L t) 

multiplication by ai(x,t) maps 

(2.40) L^Lf'^L%\ L^Lf^L^Lf 11 , L?Lj*" - LjL?, 
and multiplication by (^(x, £) maps 

(2.41) L~l£ - L*f , 4% 16/5 - Lf/ 15 L t 16/1 \ Li% 16/5 - L\h\. 
So it suffices to have that 

a eLfnLl^L^nLTLr, 

(2.42) 0l e Lf 13 Ll e/9 n L!f L t 8/3 n Lf 15 L] G/3 , 

aieLfLfnLf^Lf'nLlL?. 

Thus, if ao, di, ci2 are in these spaces with small norm, then the inequality (j2.2j) will hold 
with H a in ()2.38|) instead of H, and one has the following result. 

Lemma 2.2. Assume that the coefficients in ()2.37|) ao, cii, 02 satisfy (|2.42|) wift small 
enough norms. There exists k 6 Z + swc/i t/iai if u & C°°([0, 1] : S(R)), i/ien /or any /3 > 1 

ll e/ NU| t + lle^^H^^/s + ||e^u|| Ls = L 2 

(2.43) <c/3 2fc (||J(e^(-,0))|| L2 + ||J(e^(-,l))IU 2 ) 



c(||e /te .H a u|| J .8/T + \\e Px H a u\\ L i 6n6l}6 ,n + He^Hawn^ 



U r.lr.2- 



Proof. First we introduce the notation 



Ii = \\e Px h\\ L s t + ||e^cU|| il6Ll6/5 + \\e^d 2 x h\\ L ^ t , 

Icy AA\ xt x t x 1 

1 1 1^1 1 12 = INIr 8 / 7 + ||/l|Ll8/15 r 16/ll + H/lH^lL?) 
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From Lemma 2.1 and our assumptions it follows that 

IN!!! < c(3 2k {\\ J(e^(-,0))|| i2 + ||J(e^«(., 1))|M 
+ IHe^wllla 

< c(3 2k (\\ J(e^C,0))|Ua + I) J{e*>u(; 1))IU0 

(2 ' 45) + \\\e px H a u\\\ 2 + \\\e px (a 2 (x,t)^ x + a 1 {x,t)d x + a {x,t))u\\\ 2 

< c(3 2k {\\ J(e^(-,0))|| L2 + || J(e*u{; 1))M 

+ |||e /3:c # a w||| 2 + - |||u|||i. 

Hence, 

(2.46) Hle^lHi < c/? 2fc (|| J(e^(0))|| L2 + || J(e%x(l))|| L2 ) + c| | |^ a «| 1 1 2 , 
which yields the desired result. □ 

We now start with u solving 

(2.47) d t u + dlu + a 2 (x,t)dlu + a 1 (x,t)d x u + a (x,t)u = 0, (x, t) G R x [0, 1], 

with u = m(-,0), Mi = u(-, 1) G if 1 (e a:c +) for some a > 0, a > 1, and ao, ai, ci2 just in 
the spaces in f!2.42|) . 

Choose R so large that in the x-interval (R, oo) the coefficients ao, a\, a 2 in the corre- 
sponding spaces ()2.42|) have small norms. Let w G C°°(IR) with fi(x) = if x < 1, and 
/x(x) = 1 if x > 2. For u_r(x) = fi(x/R) we have that 

u R (x,t) = fi R (x)u(x,t), 

satisfies the equation 

d t u R + + a 2 (x, t)d 2 x u R + ai(x, /^wr + a (x, t)u R = e R (x, t), 

where 



e R (x,t) = /jLr^u + ?>iM§^d x u + 



+ a 2 (x,t)(2n R V> ^d x u + ^jgu) + ai(x, t)^^u. 
Notice that supp e R C {x : R < x < 2R}. We will take 

M 2 

Now we apply our inequality (|2.43j) to u R , with 

Hafi R = d t + dl + a 2 (x, t)fi R {x)dl + ai(x, t)fi R (x)d x + a (x, t)ji R (x). 

where £l r (x)h r (x) = fi R (x), and so that cij(x,t)jl R (x) with j = 0,1,2 have small norm 
in the corresponding spaces in (J2.42|) for R > R Q . From Lemma 2.2 it follows that for R 
large 

(2.48) ||M|! < c(3 2k {\\ J(e^(-,0))|| L2 + || J(e^u R (-, 1))\\ L ,) + |||e^e R ||| 2 . 
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To bound the first term in the right hand side of (J2.48)) we use that 

(l + p 2k )\\J(e^u R (0))\\ L2 < c(l + /5 2fc+1 )(||e^(0)||L 2 + 1^^(0)1^) 

(2.49) < c(l + /3 2fc+1 )(||e^(0)|| i2{x>fi} + ||e^«(0)|| i2{a;>il} ) 

< c(l + P 2k+1 )(\\e aRa - lx /M0)h Hx>R} + \\e aRa - lx/2 d x um\m x > R} ). 

Since k G Z + is fixed and /3 = aR^ a ~ 1 ^ /2 for i? sufficiently large, depending on a and 
a, one has 

(2.50) ^fc+i^fc+ixa-r)^-^ < Ca ae - Q , f or x > R > . 

Then the right hand side of ()2.49|) is bounded by c a>a . 
A similar argument shows that 

(l+P 2k )\\J^ x u R (l))\\ L ,<c a , a . 

Thus, it remains to bound 1 1 \e^ x e^\ \ \i. Since supp e# C {x : R < x < 2R} combining 
Holder inequality and Minkowski's integral inequality it follows that 

\\\e^e R \\\ 2 < ce aRa - lR \\(\u\ + \d x u\ + \dlu\) X{x ..R< x <m}\\L?Li < c'e aRa ~ lR . 

Inserting these estimates in 1)2.48)1 we obtain that 

lle^lL 8 l* + \\ e/3x dxu\\,i6 T ie/5 + \\e l3x c%u\\ L oo L i 

If x > AR, then e aRa ~ lx/2 e~ aRa > e aRa , so we get 

(\\u\\tS r8 + \\d x u\\ rl6 r i6/5 + llc^-uH roo ,2) 

(2.51) " L {x>4R} L t " X UL \t>4R} L t / " 1 UL {x>4R} L t J 

< c n 



Therefore, using Holder inequality in (J2.51)) it follows that for R sufficiently large 

\\ u \\L 2 ({4R<x<m+l}x(0,l)) + ||$x^||l 2 ({4R<z<4,R+1}x(0,1)) 

+ ||^x' u IU 2 ({4i?<x<4it;+i}x(o,i)) < c a ^ a e~ aR . 
Now changing 4R by R' we get that for any R' > sufficiently large 

IMU 2 ({ J R'<x<_R'+l}x(0,l)) + \\dxU\\L 2 ({R'<x<R'+l}x(0,l)) + ||^ W IU 2 ({#'<a:<-R'+l}x(0,l)) 
< r p -a{R'r/i a 

So we have proved the following upper estimates for solutions of (|2.37j) . 

Theorem 2.1. Assume that the coefficients in (12.47)1 oq, ai, a 2 satisfy (J2.42)) . // u 

u(x,t) is a solution of ()2.47j) with u G C([0, 1] : H 2 (R)) satisfying that 

u(-,0), u(;l)eH\e ax +) 
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for some a > 1 and a > 0, then there exist Co and Ro > sufficiently large such that for 
R > Rq 

IMU 2 ({i?<:r<im}x(0,l)) + \\9xU\\l 2 ({R<x<R+1}x(0,1)) 

+ \\dl u \\L 2 ({R<x<R+i}x(o,i)) - c e~ aR /4 . 
3. Lower Bounds 

This section is concerned with lower bound estimates for the L 2 -norm of a solution u 
of the equation (|1.2j) and its first order space derivative d x u in the box {R — 1 < x < 
it!} x [0,1]. 

Lemma 3.1. Assume that ip : [0, 1] — > R is a smooth function. Then, there exist c > 
and Mi = Midl^'Hooj Halloo) > such that the inequality 

5/2 3/2 

||ea(f+ ^) )2(1 + ^j)^^^ + || e a(l+c,(t)) 2 ( | + ^t))d x g\\ L , {dxdt) 

(3.1) 

+ ^l|e a( ^ + ^ ))2 ^|| i2( ^ ) < c\\e^+^\d t + dl)g\\ LHdxdt) 

holds, for R > 1, a such that a 2 > MiR 3 , and g G C^°(1R 2 ) supported in 

{(x,t)eR 2 : 11 + ^)1 >!}■ 

Proof. We define / = e a8 ^ x '^g, for a general smooth function 9(x,t), and consider the 
expression 

(3.2) e ae ^\d t + d 3 x )(e- ae ^f(x,t)) = S a f + A a f , 
where 

S a = -3ad x (d x 6(x,t)d x -) + (-a 3 (d x 6(x,t)) 3 - ad 3 x 6(x,t) - ad t 6(x,t)) 
A a = d t + d 3 + 3a 2 (d x 6(x, t)) 2 d x + 3a 2 d x 6(x, t)d 2 x e{x, t). 

Thus, 

(3.3) A a = A a , S a = S a , 
and one has 

\\e^\d t + dl)g\\ 2 L2{dxdt) = \\{A + S)f\\ 2 L2{dxdt) 
(34) =((A + S)f,(A + S)f) 

= \\Af\\ 2 2 + \\Sf\\ 2 2 + (Af,Sf) + (Sf,Af) 
> ((SA-AS)fJ). 
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A computation shows that 



(SA - AS)f = [S; A}f = 9ad 2 x (d 2 x 9 d 2 J) 

+ d x ((6ad%6 + 6ad 2 x 6 - 18a 3 {d x 6) 2 d 2 x 8)d x f) 

+ (~3a 3 (d 2 x 6) 3 - I8a 3 d x 6d 2 x 6d 3 x 6 - 3a 3 (d x 6) 2 d^6 + ad x 9 

+ 2ad 3 x d t 6 + ad 2 t 6 + 6a 3 (d x 9) 2 d 2 x 6 + 9a 5 {d x 8) 4 d 2 x 6)f. 

Now taking 6(x,t) = (x/R + (p(t)) 2 it follows from (J3.5)) and integrations by parts that 

18a, 



(3.6) _ 24a 
R 6 



((SA-AS)fJ) = —\\d 2 f\\t Hdxdt) 

[ j v \t)(d x f) 2 dxdt + ^^j j{^ + V {t)) 2 {d x ffdxdt 
J Jfdxdt + 2aJ j \ V '(t)f) 2 dxdt + 2a J j (f + <p(t))<p"(t)f 2 dxdt 



R 

3 



48a 3 M> „, , 288a 5 



+^rj j <p'(m+<p(t)) 2 f 2 dxdt+^-j j{%+<p(t))*fdxdt 

= h + h + h + h + h + ^6 + h + h- 
We first observe that 

I 5 + I 7 + I 8 = 2 j J( a Wtf(t)f + ^(z + <p(t)) 3 f)>dxdt. 

Therefore, since |-| + | > 1 on the support of /, for 
(3.7) a 2 > WWooR 3 , 

it follows that 

J J{% + <p{t))*f*dxdt. 



T T r ^ 242a 5 



R e 

Similarly, since |-| + <p(t)\ > 1 on the support of / for 

(3.8) « 2 >(||^|l^ 2 + l)^ 3 

it follows that 



2a 5 

and that 

24a 5 




R 



+ <p(t)) 4 fdxdt>\I 6 \, 




R e 

Also from ()3.7j) one has that 



% + <p{t)Yf 2 dxdt > \u\ 



J j{l + ip{t)) 2 {d x ffdxdt. 
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Hence, gathering the above information we conclude that for 

(3-9) ^^(Moo + IOT^ + l)^, 

one has that 

\\e^ + ^\d t + dl)g\\l 2{dxdt) = \\{A + S)f\\l 2{dxdt) 

(3.10) > d SA ~ AS )f> fi^wj I ( d2j)2dxdt 

132a 3 r r 01 «- 5 

+ 



i? 4 



//(! + vWY&tfdxdt + ^ 1 1(1 + <p(t))'fdxdt. 



Next, we rewrite (|3.1()|) in terms oi g = e a ^R +ip ^ f. In fact, it follows from (|3.9|) and 
(|3.1()jl that there exits a universal constant Co > such that 

||e^^) 2 (a t + ^|U 2M >^f / /e 2 ^^ 2 (^)W 1/2 



c a 



(3.H) + ^(/ /(f + ^W)^ (|+VW)2 (^) 2 «) 1/2 

/(1+^0)V^ + ^ 2 , 2 ^) 1/2 , 

which completes the proof of Lemma 3.1. □ 

Next, we shall extend the result of Lemma 3.1 to operators of the form 
(3.12) L = d t + dl + a Q (x, t) + ai (x, t)d x , 

with 

a , a! G L°°(R 2 ). 

Lemma 3.2. Assume that cp : [0, 1] — ► R is a smooth function. Then, there exist c > 0, 
R = -Rodl^'Hoc! WWoo] HoolU; IKIIoc) > 1 and Mi = M^Hy?^^; H^'ID > such that 
the inequality 

™5/2 ™3/2 



e 



(3.13) i? 3 11 Vfi ' " 1 ^2 

< c || e «(I +^)) 2 (^ + 9 3 + ai ^ t )Q x + 00(3;, t))^!^^ 



holds, for R > Rq, a such that a > M\R and g G Cg°(R ) supported in 

{(x,t)GR 2 :|| + ^(t)|>l}. 
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Proof. From (jSHJ, Lemma 3.1 it follows that 

5/2 3/2 

±_ || e «(i+^)) 2 (! + ^(t))^|| L2( ^) + 2!— \\e^W 2 d x g\\ L2{dxdt) 

<c\\e a ^ + ^\d t + dl)g\\ L , {dxdi) 

(3.14) < c || e «(S+^)) a (^ + ^ + ax(x,t)^ + a {x,t))g\\ L2(dxdt) 
+ c \\e a ^ + ^ 2 (ai(x, + a (x, t^lU^*) 

< c || e "(f+^)) 2 (^ + ^ + ai (x,t)^. + a (x,t))g\\ L2{dxdt) 

+ c||oi|| L « ||e Q( t+^)) 2 ^|| L2( ^) +c||a || L - ||e^+^)) 2 £|| i2((Mt) . 

Since our hypothesis guarantee that a 5 ^ 2 /R 3 and a 3 ^ 2 /R 2 growth as a positive (frac- 
tional) power of R for i? sufficiently large the last two terms in the right hand side of 
(|3.14|) can be hidden in the left hand side to obtain the desired result. 

□ 

Theorem 3.1. Let u E C([0, 1] : H 2 (R)) be a solution of 

(3.15) d t u + d 3 u + a 2 (x, t)d 2 u + a±(x, t)d x u + a (x, t)u = 0, 

with a , ai, a 2l d x a 2: d 2 a 2 E L°°(IR 2 ) and a 2 , d t a 2 E L^°(R : L*(R)). Assume that 

(u 2 + (d x u) 2 + (d 2 x u) 2 )(x,t)dxdt < A 2 , 

JR JO 

and 

"1/2+1 




/ / u 2 {x,t)dxdt > 1. 

J 1/2-11% J0<x<l 



TTien t/iere exzsi constants Rq, cq, C\ > depending on 

(3.16) A, ||a ||oo, IKHoo, II «2 1| 00, ll^^lloo, ||^a 2 Hoo, ||a 2 |U«'i,i, and ||<9ta 2 |U°°i,i 
such that for R> Rq 

(3.17) 6(R) = 6 U (R) = ( f I (u 2 + {d x u) 2 + (d 2 x uf)dxdt) ' > c e- ClR3/2 . 

\Jo J R-Kx<R J 

Proof. First, we use a gauge transformation (i.e. a change of the dependent variable) to 
reduce the equation in ()3.15|) to an "equivalent" one which does not involve second order 
derivative. Define 

(3.18) v(x,t) =u(x,t)e^° 
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Thus multiplying the equation in (|3.15|) by e^io a 2(s,t)ds anc j us j n g ^hat 

a2 ( s ^ s d t u = Sfcv - |( / d t a 2 (s,t)ds)v, 

Jo 

e \ SS a ^) ds d x u = d x v - \a 2 v, 

g i/- *,(.,*)* 9 2 M = ^ _ | Q2 ^ + (_i^a 2 + (§a 2 )>, 

gi /• a 2 (s,t)ds g3, u = g3 v _ a2 Q2 v 

+ ((|«2) 2 - \d x a 2 )d x v + (-(|a 2 ) 3 + |a 2 ^a 2 - \d 2 x a 2 )v. 

the equation for v = v(x, t) can be written as 

d t v + d x v + ai(x, t)d x v + a (x, t)v = 0, 

where from our hypothesis on ao, ai, a 2 it follows that a\, clq E L°°(1R 2 ). 
Next, we shall follow the arguments in 

For R > 2 let 9 R G C°°(R) with 9 R (x) = 1 if x < R - 1, 9 R (x) = if x > R. 
Let n e C°°(R) with ^(ar) = if x < 1 and fi(x) = 1 if x > 2, and <p G C °°(M), 
93 : R -> [0, 3] with 

0, t G [0, 1/4] n [3/4,1], 
3, £ G [1/2 — 1/8, 1/2 + 1/8]. 

We define 

(3.20) g(x,t) = R (x) t i(j i + (p(t))v(x,t), {x, t) G R x [0, 1] 

and observe that 

• if a; > R, then <?(:£, t) = 0, 

■ if x < R and t G [0,1/4] n [3/4,1], then 0(z,t) = 0, 

• if -| + <f(t) < 1, then g(x,t) = 0, so that g has support on K x (0, 1) and can be 
assumed to satisfy the hypothesis of Lemma 3.1. 

Also, for (x,t) G (0,R-1) x [1/2-1/8,1/2 + 1/8], #(x,t) =t»(x,t) and |§ + p(t)| > 2. 
From ()3.20j) one has that 

(d t + d^ + a x d x + a )g 

36^d 2 x v + Wfd x v + efv + ai^v 



(3.19) <p(t) 



(3.21) 



= Mi + v(*)) L 

+ e R (x) (/i«(-)(^ (1) + |> + 3 ^ (1) (-)^ + 3j* (2) (-)M v + /* (3) (-)» 



R "R \ J R 2< 

where the first term in the right hand side of ()3.21|) is supported in [R— 1, R] x [0, 1], where 
|-| + (p(t)\ < 4, and the remaining terms in the right hand side of ()3.21|) are supported in 
{(x,t) : 1 <!! + ¥>(*)!< 2}. 
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Using the notation 
(3.22) 5 V (R)=([ [ {v 2 + {d x vf + (d 2 x vf)(x,t)dxdt) 

\Jo J R-Kx<R J 

from (JTTTTj) and (j3~TTJ) it follows that 



1/2 



a 



5/2 ^5/2 



c-^e 4 * < c ^\\e a ^ + ^ 2 g\\ LHdxdt) < Cl e 16 « S V (R) + c 2 e Aa A, 
therefore 

c— < Cl e 12a ^(it;) + c 2 A 
Taking a = M^ 2 with M x as in Lemma 3.2 we get 
(3.23) cMf /2 i? 3 / 4 < Cl e 12AhR3/2 5 V {R) + c 2 A. 

For R sufficiently large the last term in the right hand side of ()3.23)) can be absorbed 
into the left hand side to get that 

6 V (R) > ^Ml /2 R^e- l2M ^ 12 . 

Finally, from (j3.18j) . ()3.2()j) . ()3.22j) and our hypothesis one has that 5 U ~ 6 V , i.e. there 
exists c > 1 such that 

c^d^R) < 5 U (R) < c5 v (R) } Vi? > R , 
which yields the desired result. □ 

4. Proof of Theorems 1.3 and 1.1 

Proof of Theorem 1.3. 

If u ^ 0, we can assume, after a possible translation, dilation, and multiplication by a 
constant, that u = u(x,t) satisfies the hypothesis of Theorem 3.1. Hence, we have that 

(4.1) S U (R) = ( C [ {u 2 + (d x u) 2 + (d 2 x u) 2 )(x,t)dxdt) ' > c e- clR3/2 , 

\io JR~Kx<R J 

for all R sufficiently large where the constants Cq, C\ depend on the quantities in (J3.16|) . 

Now we apply Theorem 2.1 with a = 3/2 and a >> 4 3 / 2 ci with c\ as in (j4.1|) to conclude 
that 

(4.2) 5 U (R) <ce- aR3/2/43/2 , 

for all R sufficiently large. Combining ()4.1|) and ()4.2|) and letting R f oo we get a 
contradiction. Therefore u = 0. 

Proof of Theorem 1.1. 
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It will be shown that Theorem 1.3 applies to the equation of the type (jl.2|) satisfied by 
the difference Ui — u 2 of the solutions. Thus, one just needs to prove that the coefficients 
ao, a\ satisfy the assumptions (jl.lOj) and (jl.llj) . We recall that in this case a 2 = 0. 

Since for any k G Z + , a , a± are polynomials of order k in ui, u 2 , d x Ui, with u\, u 2 G 
C([0, 1] : H 2 (R)), and a 2 = it is clear that the hypothesis holds. So it remains to 

check the conditions (jl.lOj) . i. e. 

aoeLfn^L^nL^Lr, 
ai e Lf 13 L} e/9 n ^ /7 4 /3 n L^/ 15 Lf /3 . 

First, we consider the KdV equation, i. e. k = 1 in (jl.ljl . for which we have 

a (x, t) = d x Ui(x, t) and ai(x,t) = u 2 (x,t). 

Using the hypothesis U\, u 2 G C([0, 1] : if 3 H -L 2 (|x| 2 <ix) it follows by interpolation (or 
integration by parts) that 



(4.4) a G L°°([0, 1] : # 2 ) and |x| 2/3 a , |x| 1/3 ^a G L°°([0, 1] : L 2 
and by Sobolev lemma that 

(4.5) \x\ 1 ^ a G L°°([0, 1] : 
Thus, (|4.4jl and Holder inequality yields 

||a (t)|| L 4/a < c sup \\{l + \x\) l l 2 a Q {-,t)\\Li, t G R, 
rf te[o,i] 

4/3 

which proves that ao G L xt . Next, the string of inequalities, 



xJ 1 



CtO 1-16/13 r 16/9 



(4.6) 



x 9/13 \ 13 / 16 



;i + | ^ |)8 /i3 ( 1 + N) 8/13 (/ MxM 6/9 dt) dx 

\ 9/16 

<c( / ||(l + |x|) 1 / 2 a (-,t)||i 6 2 /9 rft 



< sup (IM-^IUi + |||x| 1/2 a (-,t)||Li), 
te[o,i] 

16/13 T 16/9 



and ()4.4|) show that a E L x ' L 
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In a similar fashion we have that 



P0|| r8/7,8/3 



(4.7) 



1 



7/8 



(1 + N) 4+/- (i + M) 4 " 77 (/ K0M)| 8/3 c^ 7 dx 

< t (//(. + i/U t )^f 

<c||(l + |x| 2 / 3 )a ||i{ 3 ||(1 + |x| e )ao||i / i, 

for any e > which together with (|4.4|) and (|4.5jl imply that ao G L%/ 7 1% . 

Now we consider ai(x, £) = m 2 G C([0, 1] : if 3 fl L 2 (|x| 2 (ix). Thus, it follows that 

(4.8) |z|oi, |x| 2/3 a x ai, \x\ 1/3 d 2 x a 1} d 3 ^ G L°°([0, 1] : L 2 ), 
and by Sobolev lemma that 

(4.9) |x| 2/3 ai G L°°([0,1] : Lf). 

The same arguments used in ()4.6|) and ()4.7|) show that ai G Ll 6 ^ 13 L} 6 ^ 9 fl L S J 7 L & J 3 . So 
it only remains to prove that a\ G Lz 6 / 15 L* 6 ^ 3 . A familiar process leads to 



|a0|| L 16/5 L 16/3 



\ 3 / 16 



<(! + |x|) 4+ |oi(a;,*)| 16 / 3 da;d^ 

<c / /(l + |ar| a )|oi(x,*)| 2 dard*j ||(1 + |x| 2+ )|ai| 10/3 ||^ 6 



/ oc 

< c ||(1 + |x|)ai||% 8 Ill^l^aiH^ < c ||(1 + |x|)ai||% 8 \\\x\ 2/3 . 

xt &t xt xi 

Therefore, inserting (|4.8jl . (|4.9jl in (|4.10|) one obtains the desired result. 

We have completed the proof of Theorem 1.1. in the case of the KdV equation. 

Next, we turn to the proof of Theorem 1.1 for the equations in (jl.l|) with k > 2. Using 
that u±, u<i G L°°(]R x [0, 1]) it suffices to consider the case k = 2 where 

a (x,t) = (ui + u 2 )d x u 1 , a 1 (x,t) = u 2 ,. 

Since Ui, u 2 G C([0, 1] : if 2 fl L 2 (|x| 2 (ia;)) by interpolation and Sobolev lemma it follows 
that 



| OC | UL j . 1 OC 1 



l 1 / 2 ^, G L°°([0, 1] : L 2 ), Ixl 1 ^ G L°°([0, 1] : L~), J = 1, 2. 
Hence, 

|*| 3 / 2 a G L°°([0, 1] : L 2 ), G L«([0, 1] : L«), 
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and 

|x|ai e L°°([0, 1] : L 2 X ), \x\ 2/3 ai G L°°([0, 1] : L~), 

which were the conditions used to obtain the result in the case k — 1. 
This completes the proof of Theorem 1.1. 
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